The origin of small mixing among the quarks and a large mixing among the neutrinos has been an open question in particle physics. In order to answer this question, we postulate general relations among the quarks and the leptonic mixing angles at a high scale, which could be the scale of Grand Unified Theories. The central idea of these relations is that the quark and the leptonic mixing angles can be unified at some high scale either due to some quark-lepton symmetry or some other underlying mechanism and as a consequence, the mixing angles of the leptonic sector are proportional to that of the quark sector. We investigate the phenomenology of the possible relations where the leptonic mixing angles are proportional to the quark mixing angles at the unification scale by taking into account the latest experimental constraints from the neutrino sector. These relations are able to explain the pattern of leptonic mixing at the low scale and thereby hint that these relations could be possible signatures of a quark-lepton symmetry or some other underlying quark-lepton mixing unification mechanism at some high scale linked to Grand Unified Theories.
I. INTRODUCTION
The quark mixing matrix, V CKM , parametrizes the misalignment in the diagonalisation of the up and down type quark mass matrices. It is well known that V CKM is almost close to a unit matrix. This implies that the quark mixing angles are small. On the other hand, analogous misalignment in the leptonic sector is encoded in the neutrino mixing matrix, U P M N S . It turns out that U P M N S is not close to a unit matrix. The mixing angles in the neutrino sector are large except θ 13 [1] [2] [3] . The origin of small mixing among quarks and a large mixing in the neutrino sector poses an intriguing open question.
Among many approaches to explain the mixing pattern of the leptons, the assumption of family or flavor symmetries is a popular one. These symmetries differentiate among the members of different families and are usually discrete, finite and non-abelian, for reviews see Refs. [4, 5] . This approach has been intensively used to study the mixing in the leptonic sector [6] [7] [8] [9] . In addition to the leptonic mixing, there are also considerable efforts to understand the quark mixing through family symmetries [10] [11] [12] . The family symmetries can also be a built-in characteristic of the Grand Unified Theories (GUT) [13] .
The quark-lepton unification is one of the most attractive features of the GUT theories [14] [15] [16] . The GUT symmetry group contains quarks and leptons in a joint representation.
The weak interaction properties of the quarks and the leptons therefore get correlated. Hence it is possible in these theories, to derive the origin of the small and the large mixing in the quark and the lepton sectors respectively, along with any relation between them, if it exists.
There are also reasons to speculate about the quark-lepton unification even on the experimental side. The so-called quark-lepton complementarity (QLC) relation [17, 18] between the leptonic mixing angle θ 12 and the Cabibbo angle θ C
can be a footprint of a high scale quark-lepton unification [17] [18] [19] [20] [21] . Another interesting observation is due to the recent non-zero measurement of leptonic mixing angle θ 13 [22] [23] [24] [25] [26] which is
This relation also hints a possible link between the quark and leptonic mixing, and it can be an artifact of some high scale quark-lepton symmetry in an underlying GUT theory [27] .
Therefore, the present state of the measured leptonic mixing angles provide the theoretical motivation for a common origin of the quark and leptonic mixing at some high scale. In fact, the idea that the quark and lepton mixing can be unified at some high scale, referred to as "high scale mixing unification" (HSMU) hypothesis, was first proposed in Ref. [28] [29] [30] [31] . In recent studies [32] [33] [34] it has been shown that HSMU hypothesis 'naturally' leads to nonzero and a small value for the leptonic mixing angle θ 13 and predicts a non-maximal θ 23 ( cf. [32, 34] for details). This hypothesis has been studied in the context of Dirac neutrinos as well ( cf. [35] for details). The central idea of this hypothesis is that the quark mixing angles become identical to that of the leptons at some high scale (referred to as the unification scale) which is typically taken as GUT scale (cf. [32, 33, 35] for details). In other words, at the unification scale
where θ ij (with i, j = 1, 2, 3) are leptonic mixing angles and θ q ij are the quark mixing angles. This hypothesis nicely explains the pattern of mixing in the neutrino sector including the recent observation of nonzero and a small value of θ 13 [22] [23] [24] [25] [26] . The large leptonic mixing angles at the low scale are obtained through the renormalization group (RG) evolution of the corresponding mixing parameters from the unification scale to the low scale.
The implementation of the HSMU hypothesis requires the minimum supersymmetric standard model (MSSM) as an extension of the standard model (SM). The working of the HSMU hypothesis is as follows. We first evolve the quark mixing angles from the low scale (mass of the Z boson) to the supersymmetry (SUSY) breaking scale using the SM RG equations. After that, from the SUSY breaking scale to the unification scale, evolution of quark mixing angles is governed by the MSSM RG equations. In the next step, the quark mixing angles at the unification scale, are put equal to that of the neutrinos following the HSMU hypothesis. The leptonic mixing parameters are then run from the unification scale to the SUSY breaking scale using the MSSM RG equations. From the SUSY breaking scale to the low scale, mixing parameters are evolved through the SM RG equations.
In addition to SUSY, we also need a large tan β to realize the HSMU hypothesis [32, 33] .
The only free parameters during the top-down running of the leptonic mixing parameters are masses of the three light neutrinos. They are chosen at the unification scale in such a manner that we recover all the mixing parameters at the low scale within the 3σ limit of the global fit. It turns out that the chosen masses of neutrinos must be quasi-degenerate (QD) and normal hierarchical [32, 33] In this work, inspired by the HSMU hypothesis, we postulate the most general relations among the quark and the leptonic mixing angles at the unification scale. In a compactified form the most general relation among the leptonic and the quark mixing angles within the same generations is as following 
where k i , with i = (1, 2, 3) are real exponents. We refer to this relation as the "high scale mixing relation" (HSMR). We have chosen (k 1 , k 2 , k 3 ) to be (1, 1, 1) for the simplicity of our analysis. The relations within the same generations are the simplest generalization of the HSMU hypothesis. In principle, we can also construct the most general HSMR relations among different generations completely independent of the HSMU hypothesis. The analysis of these relations is beyond the scope of this work and could be studied elsewhere.
There will be different possibilities depending on the relations among the proportionality factors. We firstly list below the different possible cases with the maximum and the minimum experiments. The second importance is that if predictions of HSMR hypothesis are confirmed by experimets, like neutrinoless double beta decay, this would be a strong hint of quarklepton unification at high scale.
The plan of the paper is as follows. In section II, we present the required RG equations for the running of the neutrino mixing parameters. The SUSY threshold corrections and the neutrino mass scale are discussed in section III. The results are presented in section IV using dimensional-5 operator as well as in the framework of type-I seasaw. In section V, for the sake of illustration, we discuss two models where HSMR hypothesis can be realised. We summarize our results and conclude in section VI.
II. RG EVOLUTION OF THE LEPTONIC MIXING PARAMETERS
In this section, we briefly discuss the RG evolution of the leptonic mixing parameters.The most often studied scenario is the one where the Majorana mass term for the left handed neutrinos is given by the lowest dimensional operator [36] 
in the SM. In the MSSM, it is given by
where κ gf has mass dimension −1, ℓ C L is the charge conjugate of a lepton doublet and a, b, c, d ∈ {1, 2} are SU(2) L indices. The double-stroke letters L and h denote the lepton doublets and the up-type Higgs superfield in the MSSM. Using this mass operator, we introduce neutrino masses in a rather model independent way since it does not depend on the underlying mass mechanism.
The evolution of the above dimensional-5 operator below the scale where it is generated is provided by its RG equation. The one loop equation is as follows [37] [38] [39] [40] 
, t = ln(µ/µ 0 ) and µ is the renormalization scale and
The parameterα in the SM and MSSM is given bŷ
The quantities y f (f ∈ {e, d, u}) represent the Yukawa coupling matrices of the charged leptons, down-and up-type quarks respectively, g i (i = 1, 2) denote the gauge couplings and λ is the Higgs self coupling. For more details see Ref. [36] .
We are interested in the RG evolution of parameters that are the masses, the mixing angles and the physical phases. The mixing angles and the physical phases are described by the PMNS matrix. This matrix is parameterized as follows
where 
and
with c ij and s ij defined as cos θ ij and sin θ ij (i, j = 1, 2, 3), respectively. The quantity δ is the Dirac phase and ϕ 1 , ϕ 2 are the Majorana phases. The global experimental status of the leptonic mixing parameter is summarized in Table I .
Here we would like to remark that the RG equations (23) for Yukawa couplings matrices are parametrization independent. The main aim is to probe if there is any connection between the quark and the leptonic mixing. For this purpose, we have chosen the standard parametrization which is the most studied and also commonly used in the literature. In principle, one could use an alternative parameterization to work and test the reality of HSMR. The results can be always interpreted as a possible indication of a connection between quark and leptonic mixing. 
In this work, we are working in the CP conserving limit which means Majorana and Dirac phases are assumed to be zero. Therefore, we have not provided the RG equations for them. The non-zero phases are expected to have non-trivial impact on the parameter space.
However, this study is beyond the scope of the present work and will be presented in a future investigation. Furthermore, we also study the effect of the new physics which could generate the above dimensional-5 operator. For this purpose, we present our analysis within the framework of type-I seesaw. Now, we briefly discuss the evolution of the leptonic mixing angles. In the SM as can be seen from Eq. (25) , only tau Yukawa coupling will dominate the evolution which is already very small. Hence the running of the neutrino masses is governed by a common scaling factor and the evolution of leptonic mixing angles can only be enhanced for QD mass pattern. In the MSSM the value of tau Yukawa coupling can be larger with respect to the value in the SM for a large value of tan β. Hence the evolution of the leptonic mixing parameters can be enhanced in addition to the enhancement coming from the QD neutrino mass pattern as discussed below.
It is interesting to note from Eqs. (28, 29 and 30) that the major contribution to RG evolution of the mixing angles arises due to following enhancement factorṡ
where
and m is the average neutrino mass with m = (m 1 + m 2 + m 3 )/3. It is clear that we need masses of the neutrinos to be QD to explain the largeness of mixing angles at the low scale.
III. THE LOW ENERGY SUSY THRESHOLD CORRECTIONS AND THE ABSOLUTE NEUTRINO MASS SCALE
We discuss the required low energy SUSY threshold corrections for the mass square differences and the significance of the absolute neutrino mass scale in this section.
A. The low energy SUSY threshold corrections
It is well established in the previous works on HSMU hypothesis that among the five mixing parameters, one of the mass square differences (∆m 2 21 ) lies outside the 3σ global range [28] [29] [30] [31] [32] . As shown in the previous works, this mass square difference can be brought well within the 3σ global limit, if the low energy SUSY threshold corrections are incorporated to the mass square differences [28] [29] [30] [31] [32] . The importance of SUSY threshold corrections for QD neutrinos is discussed in Refs. [41] [42] [43] [44] . These corrections are given by the following equations [29] (∆m
where m is the mean mass of the QD neutrinos and the one loop factor Tα(α = e, µ, τ ) is given by [41, 44] 
where g 2 is the SU(2) coupling constant and yα = 1 − x 2 α with xα = Mα/Mw; Mw stands for wino mass, Mα represents the mass of charged sleptons. We work with an inverted hierarchy in the charged-slepton sector where the mass of selectron is defined through the
. The mass of the wino is chosen to be 400 GeV following the direct searches at the LHC [45] .
B. The absolute neutrino mass scale
The scale of the neutrino mass is one of the open questions, ever since it has been confirmed that the neutrinos are massive. In case of QD and the normal hierarchical spectra, we have
with
There are three complementary ways to measure the neutrino mass scale. The first one, a model independent method, is to use the kinematics of β-decay to determine the effective electron (anti) neutrino mass (m β ). It is given by
The m β has an upper bound of 2 eV from tritium beta decay [46, 47] . In future, the KATRIN experiment has sensitivity to probe m β as low as 0.2 eV at 90% CL [48] . We note that m 0 in the QD regime for CP conservation is approximately equal to the effective beta decay mass m β . Hence QD mass pattern is well within the sensitivity of the KATRIN.
The second method to extract the neutrino mass is neutrinoless double beta decay which assumes that neutrinos are Majorana particles [49, 50] . The observable parameter M ee , the double beta decay effective mass is given as following 
Since the contribution of m 3 is suppressed by the small sin 2 θ 13 coefficient, we obtain 
Using inputs from Table I , the function f (θ 12 , θ 13 ) has a range from 2.2 to 4.1 at 3σ. The most stringent upper limit on the effective mass M ee provided by the GERDA experiment is 0.4 eV [51] . Hence m 0 ≤ 1.64 eV and sum of the neutrino masses Σm i = 3m 0 ≤ 4.91 eV.
The third determination of neutrino masses is provided by the cosmological and astrophysical observations. The sum of the neutrino masses, Σm i , has a range for upper bound to be 0.17 − 0.72 eV at 95% CL [52] . This limit is not model independent and depends on the cosmological model applied to the data.
IV. RESULTS
We present our results in this section for the different cases listed in Eqs. (14 -20) and for limiting cases of the most general HSMR as shown in Eqs. (5 -11 • . In the next step, quark mixing angles are used to calculate the leptonic mixing angles using HSMR at the unification scale. After this, we run down the MSSM RG equations up to the SUSY breaking scale. The SM RG equations take over the evolution of mixing parameters beyond the SUSY breaking scale. The SUSY breaking scale is chosen to be 2 TeV following the direct LHC searches [45] . We also need a large tan β which is chosen to be 55. The unification scale where HSMR can exist is chosen to be 10 14 GeV which is consistent with present experimental observations [1] . We have used the MATHEMATICA based package REAP [53] for the numerical computation of our results. We have done a rigorous, thorough and comprehensive in this work. For this pupose, we have written an interface code which together with public code can be used to scan whole parameter space.
A. RG evolution of HSMR
We study the RG evolution of HSMR as given in Eqs. (14 -20) and compare our results with respect to the HSMU hypothesis. In Fig. 1 , we show how enhancement factors ξ 1 and with the HSMU hypothesis. We observe from Figs. 1 and 2, that the evolution of HSMR is similar to the HSMU hypothesis when α deviates slightly from unity. However, when α is very far from unity, RG evolution undergoes dramatic changes. There is another interesting phenomenon that can be observed from Fig. 2 . It can be easily seen that the RG evolution of the mixing angles, for Cases 3 and 5 are similar, with θ 12 and θ 23 almost similar at the low scale at the lower end of α. The difference between them at the low scale increases with the increase in value of α. The pattern is exactly opposite in the other cases of HSMR, with the difference between θ 12 and θ 23 at the low scale decreasing as one goes from the lower to the upper end of α. This in a way tells us beforehand that the phenomenology of Case 3 and 5 will be similar, which will be discussed in detail afterwards.
B. Phenomenology of HSMR
In this subsection, we discuss in details the phenomenological implications of HSMR.
Our aim is to investigate the behavior of α as it deviates from unity and its phenomenological consequences taking into account all the experimental constraints of Table I and the GERDA limit [51] . The common observation among all HSMR is the emergence of the strong correlations among ∆m 2 32 , M ee , θ 23 , θ 13 and Σm i .
HSMU hypothesis
As observed earlier, the value α = 1 will reduce all cases of HSMR to HSMU hypothesis.
We present a full parameter scan of the HSMU hypothesis using dimensional-5 operator. It should be noted that this analysis was absent in the previous works on HSMU hypothesis [32] [33] [34] and is reported in this work for the first time. We present a correlation in Fig. 3 , which is not studied in the previous investigations. We show here the variation of ∆m 2 32 with respect to M ee . The M ee has an upper bound of 0.4 eV from the GERDA experiment [51] . Using this limit, we are able to put an upper bound on the allowed range of ∆m In Fig. 4 , we show the variation of θ 23 with respect to θ 13 . We observe a strong correlation between θ 13 and θ 23 . The difference between this investigation and that of presented in
Ref. [32] is the variation of θ 12 . In the previous work, this correlation was reported for a chosen value of the angle θ 12 at the low scale in the context of type I seesaw. In this work, we do not choose any particular value of θ 12 at the low scale. We obtain a band for this correlation and previous results are a specific case of our present results. We observe that θ 23 is non maximal and always lies in the second octant. This confirms the predictions of our earlier work [32] . The allowed range of θ 13 is 7.63
• − 8.34
• and that of θ 23 is 49 Table III . In the end, we also have a new correlation between the sum of neutrino masses and M ee which is not studied previously.
This correlation is shown in Fig. 6 . Our prediction for sum of neutrino masses is 1.16 − 1.2 eV using the upper bound on M ee given by the GERDA.
The most general HSMR within the same generations
The most general HSMR within the same generations for (k 1 , k 2 , k 3 ) = (1, 1, 1) as defined before is given by the following equation
We present the results for the maximum and the minimum values of α i for Eqs. (5-12), taking into account all the experimental constriants. In the The first case of HSMR is the one where leptonic mixing angle θ 12 is proportional to θ q 12 and the other two angles are identical. In Fig. 7 , we show how the correlation between ∆m that the lowest allowed value of α is 0.902. This value is derived by the 3σ global limit of the leptonic mixing angles. On the right panel of Fig. 7 , the upper bound on α is shown.
For the upper bound on α, in principle, one can go up to 1.962 with all mixing parameters within the global range. This value of α belongs to M ee > 0.4 eV and hence is ruled out by the GERDA limit. The allowed upper bound on α is 1.28 which is derived using the GERDA limit.
We compare Fig. 7 with Fig. 3 of the HSMU hypothesis (α = 1) to study the phenomenological behavior of α. As obvious from the left panel of Fig. 7 , M ee has its maximum allowed range at the lowest value of α. This is because the absolute neutrino mass decreases for α < 1 and increases for α > 1 in the case under study. Hence, at α = 0.902 on the left panel of Fig. 7 , we obtain 0.365 eV ≤ M ee ≤ 0.40 eV corresponding to whole 3σ global range of ∆m This case can be ruled out if GERDA reaches M ee < 0.365 eV. There is an apparent overlap between predictions of the case under study and the HSMU hypothesis. This can be discriminated using the SUSY ratio R. For a clear picture of the phenomenological consequences, we provide values of mixing parameters and other observables belonging to minimum and maximum allowed values of α for each case and the HSMU hypothesis in Table III .
The variation of θ 23 with respect to θ 13 is shown in Fig. 8 . The mixing angles reach their 3σ limits at their lower and upper ends. For example, at α = 0.902, θ 13 is at its minimum of the 3σ global limit while θ 23 is at its maximum independent of the upper bound of M ee . On the other hand, at α = 1.962, the predictions are reversed but this value is already rejected by the GERDA limit of M ee . The allowed ranges of θ 13 and θ 23 , at α = 1. We next show the behavior of θ 12 with respect to M ee in Fig. 9 . We observe that at α = 0.902, θ 12 is at its global minimum 30. The second case which we consider has leptonic mixing angle θ 13 proportional to θ q 13 . In this case, the lower bound on α is 0.45 which is derived using global limits on the mixing angles. The α on the upper side, however, is remarkably bounded by the ratio R. This theoretical bound arises because we work with an inverted hierarchy in the charged-slepton sector and at α = 2.5, we have R = 1. In principle, α has a range up to 3.5 satisfying all experimental constraints with R < 1.
In Fig. 11 , we show the behavior of ∆m A remarkable feature emerges in this case. Unlike case 1, the absolute neutrino mass scale increases for α < 1 and decreases for α > 1. Now, at the upper allowed value of α = 2.5, M ee is sufficiently below the GERDA limit. We would emphasize that one of the main observations of this case is that α is not constrained by the GERDA limit on either side.
These results can easily be tested by GERDA in the near future. We show the variation of θ 23 with respect to θ 13 in Fig. 12 . As can be seen, for the lowest possible value of α = 0.45, the allowed range is just a point which is located at θ 13 = 7.65
• and θ 23 = 52.5
• . As α = 1.1, the range of θ 13 is 7.65 • − 8.4
• and that of θ 23 is 48.5
Finally for the highest value of α = 2.5, θ 13 has almost the whole 3σ range 7. • also happens for the upper value of α namely α = 1.28 and in both cases, the value of θ 23 can be in the first octant, contrary to the HSMU hypothesis.
Also in both cases, the maximum of the mixing angle of θ 23 corresponds to the lower value of alpha.
The next to be considered is the variation of θ 12 versus M ee as is shown in Fig. 13 . In We next show the correlation of θ 23 with respect of θ 13 in Fig. 16 In Fig. 17 , we show the variation of θ 12 with M ee . We observe that the lower (30.78
and upper (36.7
• ) 3σ global limits of θ 12 , are reached at the upper most and the lowest ends of α respectively. In case of α = 0.89, the value of θ 12 is 30.62
• which belongs to M ee = 0.4.
The whole 3σ global range of θ 12 is allowed for α = 1.1. We now consider the case where the leptonic mixing angles θ 12 , θ 13 are proportional to the corresponding quark mixing angles θ q 12 , θ q 13 and the leptonic mixing angle θ 23 is identical to the quark mixing angle θ q 23 . The lowest allowed value of α for Case 4 is 0.92 which is derived using the 3σ global limits on mixing angles. The upper allowed value of α, respecting the GERDA limit, is 1.67. When we relax the GERDA limit then α turns out to be 1.77 satisfying the 3σ global limits. We show, the correlation between ∆m Next, we show the correlation between θ 23 and θ 13 as illustrated in Fig. 20 . The lower end of α = 0.92 reaches to the minimum of its 3σ global limit for θ 13 and the maximum of the 3σ limit for θ 23 . The situation for the upper most end of α = 1.77, is just opposite to the lower end, i.e. θ 13 is at the maximum of the 3σ global limit whereas θ 23 is at its global minimum. This observation is just opposite to Case 3, where θ 13 (θ 23 ) reaches the global minimum (maximum), at the upper end of α. The allowed ranges of θ 13 The variation of θ 12 with respect to M ee is shown in Fig. 21 . The lower and upper 3σ global limits of θ 12 are obtained at the lower and upper most end of α respectively. This observation is in contrast with Case 3 and Case 5 (to be discussed later). We get the full range of θ 12 (cf. Fig. 21 for details) for α = 1.1, with some higher values of θ 12 being ruled We now look at the case of the leptonic mixing angle θ 12 being identical with its CKM counterpart and the other two leptonic mixing angles being proportional to the quark mixing angles. The correlation between ∆m eV which is remarkably lower than the previous cases. We note that the Σm i is below the cosmological upper bound [52] . The further discussion on the cosmological constraints on our work will be provided in the last section of this paper. It is observed that Case 5 behaves almost similarly to Case 3, and is the most relaxed one in terms of M ee . We can go to values of M ee as low as 0.21 eV, consistent with the upper end of α. Hence, this case is partially beyond the reach of GERDA sensitivity which is maximum 0.3 eV. However, this is well within the reach of KATERIN experiment [48] . considered before, in this case for both lower and upper end values of α we get M ee close to its upper limit. This is because unlike the previous cases, in this case the limit on lower value of α comes not from M ee but from the neutrino oscillation parameters. Also, although the upper limit of α = 2.11 is constrained by M ee but this value is quite close to the upper limit of 2.19 obtained without the M ee constraint.
In Fig. 28 We finally consider the case where all the leptonic mixing angles are proportional to the quark mixing angle by the same proportionality constant (α). We find that the upper bound on α, is constrained by the mass limit (M ee ) from GERDA, whereas the lower limit on α is constrained by the 3σ global limit of the leptonic mixing angles. The lowest value of α is 0.89 and the highest value of α relaxing the GERDA limit is 2.09, whereas by taking into account the M ee limit, the highest value is 2.
We next discuss the behavior of the neutrino mass and mixing parameters in Case 7, with the variation of α in the allowed range. Firstly like all the previous cases, the variation of ∆m 2 32 with M ee is shown in Fig. 31 . As seen from the left panel of Fig. 31 , for the lowest value of α = 0.895, we have 0.391 eV ≤ M ee ≤ 0.425 eV which corresponds to the whole 3σ global range of ∆m We show the range of θ 23 and θ 13 covered by the different allowed values of α in Fig. 32 . • respectively. For α = 2.0, the value of θ 13 is 9.44
• and that of θ 23 is 37.8
• which belongs to M ee = 0.4 eV. The uppermost end of α = 2.09, gives the value of θ 13 at its global upper limit, whereas θ 23 is kept at its global lower limit. The converse is true for the lower end of α with θ 13 , θ 12 at its lower value and θ 23 at its maximum.
The variation of the third mixing angle θ 12 with respect to M ee is next plotted in Fig. 33 .
The pattern obtained is similar to Case 6, with the lower and upper end of α giving the 3σ global end points of θ 12 respectively. The whole 3σ global range of θ 12 is allowed, for α = 1.1. The value of θ 12 at α = 2 is 36.6
• .
Finally we plot the sum of the neutrino masses as a function of M ee in Fig Lastly as a completion, in order to give a clear picture of all the cases discussed here along with their phenomenological consequences, we summarize our results in Table III .
The upper and lower ends of α allowed by the experiments for all the cases are presented along with the corresponding values of masses and mixing angles of the neutrino sector. 
The effects of new physics within type-I seesaw framework
In this sub-section, we discuss the possible effects of the new physics which could generate dimensional-5 operator. For sake of illustration we take type-I seesaw as the mechanism responsible for generating the effective dimensional-5 operator. The RG equations for type-I seesaw can be found in the Ref. [53] . In table IV, we show results for different cases of HSMR with a seesaw scale equals 4 × 10 13 GeV which is slightly lower than the scale of the dimensional-5 operator. We have chosen this scale to demonstrate and differentiate the effects of type-I mechanism from the results obtained using dimesional-5 operator. Since the major part of RG magnification happens at scales much lower than the typical seesaw scales, the results obtained from dimension-5 operator and those obtained form type-I seesaw mechanism are not very different over a large range of parameters [28] [29] [30] [31] [32] 35] . Our results for type-I seesaw are as shown in Table IV . To take the effect of type-I seesaw thoroughly, we have done the RG running from the GUT scale (2 × 10 16 ) GeV to the seesaw scale using the full RG equation for type-I seesaw mechanism. Below the seesaw scale the right handed neutrinos are integrated out and as before, the subsequent RG running is done with effect dimension-5 operator. Here we will like to remark that since in this case the RG running is done from a higher scale i.e. GUT scale so we expect small deviations from the previous results primarily due to the larger range of RG running. The dependence of RG evolution on the chosen high scale is studied in [32, 35] .
We observe from comparing Tables IV and III that for case 1 of the HSMR, the lower allowed end of α effectively does not change. As expected, there are slight changes in the value of the observables. For example, the M ee decreases and reaches to the value 0.349 eV compare to the prediction given in table III. Similar observation for the mass of the lightest neutrino. The upper end of α changes after introducing seesaw scale, primarily due to increased RG running range. In Table III , the upper allowed end for case 1 is 1.28. As we observe in Table IV , it is now 1.71 and parameter space is bit expanded. However, there is no significant qualitative change in our results which are same as before.
Similarly, for case 2, one can observe from the Tables IV and III that the lower end of α does not change much. The results are stable and similar to Table III . The upper end of α changes slightly and is 2.59 now. Again as before, there is no significant qualitative change in our results which are same as before.
In case 3 of Table IV , the lower value of α has shifted a bit from that of TableIII, that is from 0.89 to 0.75, but the higher value remains intact being 1.52. The parameters also cover more or less the same span as before and show a stable situation .
The observed pattern in case 4 is same as the case 1, as we see that the lower end does not change while the upper end changes from 1.67 to 1.76 after the inclusion of type-I seesaw (see Table IV and Table III The observed pattern in case 5 is also same as that obtained in Table III . Comparing the results with Table III , we find that the value of α at the lower end changes slightly. The lower end saturates the bound for M ee , whereas at the upper end the value of M ee turns out to be 0.205 eV, which is slightly smaller than the value quoted in Table III .
In case 6, the upper value of α changes very slightly compared to Table III, whereas the lower value remains the same. In this case both the lower and upper end saturates the bound for M ee .
As expected, the results for case 7 are stable as can be observed from Tables III and IV, where the lower end of α is now 0.896 instead of 0.895 and the higher end remains the same, namely α = 2.
Thus, as expected the results obtained with the framework of type-I seesaw mechanism are qualitatively same as those obtained using only dimension-5 effective operator. The general observation is that the absolute mass scale is decreasing due to the RG evolution starting from GUT scale (2 × 10 16 GeV) which is higher than the scale of dimensional-5
operator. This leads to a slight change in the allowed end of α that is constrained by the observable M ee . That is why, we observe a slight change in the values of mixing angles. We remark that if the high scale from where RG evolution begins, is chosen to be 10 14 GeV with a seesaw scale equals 4 × 10 13 GeV, we recover the results obtained with dimensional-5 operator which is naturally expected.
V. THEORETICAL MODELS FOR HIGH SCALE MIXING RELATIONS
In this section, we address the theoretical implementation of HSMR hypothesis from the model building point of view. The only aim of this section is to illustrate that the HMSR hypothesis can be simply realized in models based on flavor symmetries. We follow the same line of argument as presented in Ref. [28] . GeV. It should be noted that RG evolution begins from GUT scale which is 2 × 10 16 GeV.
Now we discuss a simple realization of HSMR relations using abelian Z 7 flavor symmetry.
To realize the HSMR relations we add three SU(2) triplet scalars ξ i ; i = 1, 2, 3 to the particle content of MSSM. The smallness of neutrino masses can then be explained by the type-II seesaw mechanism. Let the quarks and leptons and scalars transform under Z 7 as follows
is the seventh root of unity. In the above equation
are the quark and the lepton doublets respectively whereas u R , d R , c R , s R , t R , b R , e R , µ R , τ R are the quark and the charged lepton singlets. Moreover, H u , H d are the two scalar doublets required to give mass to the up and down type quarks respectively.
It is easy to see from Eq. (46) that the Z 7 symmetry leads to diagonal mass matrices for both the quarks and the leptons leading to U CKM = U P M N S = I. To obtain the realistic CKM and PMNS matrices as well as the HSMR relations, we allow for small Z 7 symmetry breaking terms as done in Ref. [54] albeit for A 4 symmetry. Such corrections can arise from soft supersymmetry breaking sector as shown in Ref. [55] [56] [57] . Allowing for symmetry breaking terms of the form |h one has to invoke a symmetry or mechanism to ensure that the symmetry breaking terms are exactly same in both quark and lepton sectors.
Before, ending this section we would like to further remark that although we have only discussed realization of HSMR relations through the Z 7 symmetry, they can also be quite easily and naturally realized using other flavor symmetries and also using other type of seesaw mechanisms. For example, one can also realize HSMR relations within the framework of type-I seesaw mechanism using Z 7 symmetry. For this, instead of adding triplet scalars we add three right handed neutrinos which transform as
the Z 7 symmetry. We also add three heavy singlet scalars φ i ; i = 1, 2, 3 transforming as
Following computations analogous to those done above, one can again easily obtain the HSMR relations. Thus, it is clear that HSMR relations are very natural and can be easily realized using discreet flavor symmetries. In this work we do a model independent analysis of the consequences of the HSMR relations assuming they are realized at the high scale by appropriate flavor symmetries.
VI. SUMMARY
The very small mass of the neutrinos along with a large mixing among them is arguably a remarkable observation. This phenomenon is starkly different from the mixing in the quark sector which is small in the SM. The quest to understand the origin of a large mixing among the neutrinos and a small mixing among the quarks has led to many interesting theoretical ideas. Many beyond the standard model scenarios have been constructed, trying to understand the major theoretical challenge posed by the neutrino mixing. GUT theories with the quark-lepton unification have been extensively used in the literature to understand the neutrino sector at low energies. The postulated HSMR in this work is another effort to understand this extraordinary observation of neutrino mixing. We have shown from a model building point of view, how the HSMR can be naturally realized using different flavor symmetries and seesaw mechanisms. We have first considered the most general relation among the leptonic and the quark mixing angles, with different proportionality constants (α i ). We then list the different possible cases which arise, for the maximum and minimum allowed values of α i . It is found that for the allowed range of α i , M ee is between 0.35 eV -0.4 eV. The future experiments from GERDA will severely constrain these scenarios. We then look into more simplified cases to have a clear physical picture and therefore consider the α i to be equal for the three generations and vary k i to 0 or 1. We then list the seven possible ways the quark and the leptonic mixing angles can be proportional to each other (cf.
Eqs. (14) (15) (16) (17) (18) (19) (20) ). It is remarkable that these relations naturally explain the difference between V CKM and U P M N S at the low scale. Furthermore, the QLC relation and the observation in Eq. (2) can be easily recovered by these relations.
We have thoroughly investigated the implications and the phenomenological consequences of all the possible cases, taking into account the latest experimental constraints. The whole analysis has been done with the assumption of normal hierarchy and QD mass pattern.
In general, we have discovered three new correlations among ∆m 2 32 , M ee , θ 12 and sum of neutrino masses. These correlations are not investigated in previous studies.
We first discuss about the HSMU scenario, which is a special case of all the HSMR scenarios in the α =1 limit. The behavior of the neutrino masses and the mixing parameters at the low energy scale is discussed in detail for all the cases in HSMR with the value of α deviating from unity in the allowed range. The allowed range of α is bounded by the recent experimental results listed in Table I and the upper limit on M ee provided by GERDA [51] .
It is seen that for all the cases except Case 2, the M ee constraint from the GERDA results in either upper (Cases 1, 4, 6 and 7) or lower (Cases 3 and 5) limit of α. Otherwise the allowed value of α is mostly constrained by the 3σ global limits on neutrino mixing parameters.
An interesting feature is observed in Case 2, where the lower end is constrained by the 3σ global limits of neutrino mixing parameters but the upper end is constrained by the value of the ratio R, which contributes through threshold corrections. We have worked here in the inverted hierarchy scheme in the charged slepton sector, forcing the ratio to be either greater than or equal to one. A common behavior has been observed for all the cases, where we always find a strong correlation between θ 23 and θ 13 , for all the allowed values of α except at the end points which corresponds to a point in the θ 23 − θ 13 plane. It is also seen that among all the experimental constraints M ee is the most interesting one as it mostly constrains the different cases as well as differentiates among them. If in the future the upper limit from GERDA goes down to 0.35 eV, then HSMU, Case 1, Case 4, Case 6 and Case 7 will be ruled out. The ones who will survive will be Cases 2, 3 and 5 which allows M ee as low as 0.2 eV but with the value of α > 1. The constraint on M ee can automatically be reverted to the sum of the neutrino masses. It will show a similar behavior while discriminating the various cases. We also notice that if we take into account the GERDA limit of 0.4 eV, then the allowed range of α in Cases 1, 3 and 5 is limited to a small region in the θ 23 − θ 13 plane (Figs. 8, 16, 24 ). Therefore these cases along with HSMU will be ruled out, if the best fit value of θ 23 becomes less than 44
• or that of θ 13 becomes greater than 8.55
• in the future.
We further see that Cases 2 and 5 can survive longer, and the region of M ee = 0.2 eV is beyond the sensitivity of GERDA which is maximun 0.3 eV. The region of M ee = 0.2 eV will easily be probed by KATRIN [48] since m β is approximately identical to M ee in this work.
Here, we pause to comment on the cosmological limit on the sum of the neutrino masses [52] .
Our predictions in all cases except Case 5 are slightly above the upper cosmological bound of 0.72 eV. As commented earlier, this bound is model dependent. Hence, it is preferred to test predictions of this work in a laboratory based experiment, like GERDA [51] .
We also observe that Cases 3 and 5 show similar behavior, this is mainly because both consider the framework, where the neutrino mixing angle θ 23 is equal to the quark mixing angle by a proportionality constant αθ at the GUT scale. Continuing the same argument as expected we find that Case 7 displays similar behavior as Case 6. The effect of the neutrino mixing angle θ 13 being proportional to the quark mixing has many interesting results, as it leads to the most optimistic case. However once the other angles become proportional, this effect is subdued. Finally we note that all these interpretations have been done with the assumption that the Dirac and the Majorana phases of the PMNS matrix are zero and phenomenological consequences can change with nonzero phases. The overall scenario depicting a quark-lepton symmetry at a high scale through HSMR can be narrowed down to a particular case or completely ruled out, only from the future improved experimental constraints. These constraints can be from the neutrinoless double beta decay [51] , or the LHC constraints on the SUSY spectrum.
The different scenarios of the HSMR can be discriminated through measurement of various observables like M ee and by precise determination of the values of the mixing angles, particularly θ 13 and θ 23 mixing angles. As we have shown in the figures for various cases as well in the tables, the allowed ranges for M ee and the angles are different for different cases and a precise determination of these observables can be used as a way to distinguish various cases of HSMR. In addition to neutrino observables one can also use other process like lepton-flavor violation to distinguish the different allowed cases. The mass-splitting in the charged-slepton sector is given by the ratio R = Mẽ Mμ ,τ . We observe from tables II and III that the ratio R almost discriminate every scenario. Hence the processes like µ → eγ, µ → eee and anomalous magnetic moment of the electron. For example, the SUSY contribution to the anomalous magnetic moment of the electron directly depends on the ratio R [58] . The detail study of this aspect of the work is not possible in this paper.
Furthermore, for sake of completion, we also present our results in the framework of the type-I seesaw. The aim is to show how the predictions do not change in any significant way and that the analysis done with effective dimension-5 operator is quite robust. As argued before, this is not surprising as the major part of RG magnification happens only at much lower scales closer to SUSY breaking scale. At such low scales, the effective dimension-5 operator provides a very good approximation to the high scale seesaw mechanisms. The mass scale of the right-handed neutrinos is chosen 4 × 10 13 GeV which is close to the scale of the dimensional-5 operator. We notice that parameter spcae increases very slowly as we decrease the scale of new physics primarily due to increased span of RG running. However predictions do not change in any significant manner and are quite robust.
We also comment on a general theoretical view which is more general than the HSMU hypothesis and the HSMR. Assuming that at some high scale, both the mixing matrices (CKM and PMNS) are approximately unit matrices, but some perturbation can mix the generations leading to the Wolfenstein form of the mixing in both the quark and lepton sectors. This results in the mixing between the first and the second generations to be λ (a small number of order 0.2), the second and the third generations mixing to be second order in λ i.e. sin θ 23 ∼ λ 2 while the first and the third generations mixing to be third order order in λ i.e. sin θ 13 ∼ λ 3 . Now after RG evolution the CKM mixing angles do not change much but the PMNS mixing angles are dramatically magnified for the reasons already mentioned in this as well as our earlier papers [32] [33] [34] .
Finally, in short, crux of our paper is following.
• We have proposed and studied the HSMR hypothesis which is a more general framework than the HSMU hypothesis.
• The HSMR hypothesis provides a very simple explanation of the observed large neutrino mixing. The present and future neutrino experiments can easily test predictions of our work. If our predictions are confirmed by experiments, like GERDA, it would be a good hint of quark-lepton unification at high scale.
• We observe that the HSMU hypothesis represents α = 1 limit of the HSMR hypothesis and is constrained by the lowest allowed value of M ee which is 0.384 MeV. Therefore, if the HSMU hypothesis is ruled out by experiments, like GERDA, the other HSMR cases with α = 1 may survive and their confirmation would be itself a strong hint of the proportinality between quark and leptonic mixing angles which is the basis of the HSMR hypothesis.
• We have done a rigorous, thorough and comprehensive study with the HSMR hypothesis which does not exist in the literature. All results reported in the literature using the HSMU hypothesis, are very small subset of our results with the HSMR hypothesis presented in our paper. Moreover, we have also thoroughly compared HSMR hypothesis with respect to the HSMU.
• In our work, we have discovered new strong correlations among different experimental observables for every limit of the HSMR hypthesis. These correlations do not exist in the literature and are easily testable in present ongoing experiments. For example, there is a strong correlation between ∆m 2 32 and M ee . This correlation can be easily tested by GERDA experiment. There are two more such correlations namely among θ 12 , M ee , Σm i and M ee discussed in our work which are completely new and unexplored in the literature.
• Furthermore, we have comprehensively studied a strong correlation between θ 23 and θ 13 and predictions can be easily tested in present ongoing experiments. This correlation
